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Abstract. There can arise ubiquitous ultra-light scalar fields in the Universe, such as the
pseudo-Goldstone bosons from the spontaneous breaking of an approximate symmetry, which
can make a partial contribution to the dark matter and affect the large scale structure of the
Universe. While the properties of those ultra-light dark matter are heavily model dependent
and can vary in a wide range, we develop a model-independent analysis to forecast the
constraints on their mass and abundance using futuristic but realistic 21 cm observables
as well as CMB fluctuations, including CMB lensing measurements. Avoiding the highly
nonlinear regime, the 21 cm emission line spectra are most sensitive to the ultra-light dark
matter with mass m ∼ 10−26 eV for which the precision attainable on mass and abundance
bounds can be of order of a few percent.
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1 Introduction
The existence of light scalar fields has been explored from both particle phenomenology and
cosmological aspects. A common example is the proposal of the QCD axion to solve the
strong CP problem and there also have been growing interests in string axions in the so-
called string axiverse scenarios [1–7]. An astrophysics example includes dark matter with
m ∼ 10−22 eV, dubbed ‘fuzzy dark matter’, which can suppress kpc scale substructure in
dark matter halos because the matter cannot cluster within the Jeans scale [8–12].1 Another
interesting parameter range for those ultra-light particles (ULPs) lies in when their mass is
of order of the current Hubble scale H0 ∼ 10−33 eV and they play a role similar to inho-
mogeneous dark energy [13, 14]. In view of the large range of possible parameters for these
light scalars, such as their mass and abundance, it would be of great interest to narrow down
the allowed model parameter space for the cosmological observables in a model-independent
manner.
Those ultra-light scalar fields can imprint the characteristic features on the matter power
spectrum due to ‘free-streaming’ similar to that due to massive neutrinos [15–21]. A wide
range of the possible masses and hence the possibility for a wide range of the suppression
scale in the matter power spectrum can open up a promising cosmological window to signal
the existence of ULPs [22–27]. We characterize the ULPs by two free parameters, their mass
and abundance, and we forecast future cosmological constraints on ULPs using the CMB,
including CMB lensing, and 21 cm observables [28, 29].2 Because of a large number of modes
available for observing the high redshift matter distribution along with redshift information,
the 21 cm line of neutral hydrogen possesses promising power for probing the matter power
spectrum with unprecedented precision [29]. We aim to clarify the range of the mass and
abundance of ULPs making up part of the total matter of the Universe (in addition to the
dominant ordinary cold dark matter (CDM)) which future 21 cm observables can probe.
1Note that such ULPs have a Compton wavelength of order O(1) pc while the inter-particle distance has
to be of order O(10−10) cm to contribute to the local dark matter abundance. We hence need consider their
wave-like nature rather than a classical particle picture, and the Jeans scale can here be interpreted as the de
Broglie scale where the uncertainty principle prevents the localization of the ULPs.
2Even though there are a wide range of possibilities for the interactions of the ULPs, here we just need
to consider the gravitational interactions in forming the large scale structure of the Universe. The ULPs in
this paper simply refer to a dark matter component with ultra-light mass ≪ 1eV which can be as light as the
current Hubble scale H0 ∼ 10
−33eV.
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The paper is organized as follows. Section 2 outlines the effects of the ULPs on the
matter power spectrum that will be probed by 21 cm signals. Section 3 gives a brief review
of the Fisher analysis formalism using 21 cm observables followed by the main results of our
paper which present forecasts of errors of the mass and abundance of the ULPs.
2 Suppression in the matter power spectrum
Let us briefly review the conventional Jeans analysis in order to clarify the characteristic fea-
tures for the relativistic species imprinted in the matter power suppression. The conventional
Jean analysis tells us that the leading order perturbation equation possesses the gravitation-
ally stable solution for a short wave-length mode k ≫ kJ and the unstable (growing) one for
k ≪ kJ (kJ is the Jeans wave number).3 The pressure inside the Jeans scale prevents the mat-
ter from collapsing and, in contrast to the conventional matter growth proportional to the lin-
ear growth factor δ ∝ D(z) after matter-radiation equality, the matter density perturbations
grow more slowly as δ ∝ (1− f)D(z)1−p when there exists a fraction f of the matter compo-
nent which does not cluster due to the pressure support (p = (5−√25− 24f)/4) [4, 8, 10, 30].
A notable feature for the ULPs is its effective sound speed which is scale-dependent and can
be less than unity for a large scale factor a (cs ≈ k/2mua for a≫ k/2mu, and cs ≈ 1 below
the Compton scale a ≪ k/2mu (mu denotes the ULP mass)) [8, 10]. More quantitatively,
for the leading order perturbation equation
δ¨k + 2Hδ˙k +
(
c2sk
2
a2
− 4piGρm
)
δk = 0 (2.1)
there exists a gravitationally stable solution for short wave-length mode k ≫ kJ and an
unstable (growing) one for k ≪ kJ with the Jeans wave number which can be obtained by
equating the pressure term (k2/a2)c2sδk and the source term 4piGρmδk (ρm is the matter
density). The Jeans wave number for the ULPs with the effective sound speed then becomes
kJ(a) = 2a(piGρm(a))
1/4m
1/2
u for a≫ k/2mu. We consider scenarios in this paper where the
ULP behaves like dark energy due to the large Hubble friction for H > mu and starts oscil-
lations, behaving like dark matter, once H ≤ mu. We implemented ULPs into CAMB [31]
such that the ULPs follow the cosmological constant-like equation of state w ≡ P/ρ = −1
for H(t) > mu and the matter-like equation of state w = 0 for H(t) ≤ mu.4 The evolution
of the ULP fluctuations δu = δρu/ρu is shown in figure 1 for the ULP mass and fraction
mu = 10
5H0(H0 ≈ 2 × 10−33eV), fu = 0.05 (fi = ΩiΩm represents the fraction of the matter
species i with respect to the total matter Ωm = Ωb + Ωd = Ωb + Ωcdm + Ωu + Ων (repre-
senting, respectively, the baryon, cold dark matter, ULPs and neutrinos. Ω represents the
fraction with respect to the critical density)). The fluctuations represented in Fourier space
δ(k) cannot grow when they behave like a cosmological constant and can start growing once
the ULPs start to oscillate. The perturbation growth however is suppressed inside the Jeans
scale and the perturbation growth has to wait till it goes outside the Jeans scale for a large
3The Klein-Gordon equation that the ULPs obey can be mapped to the continuity and Euler equations for
a relativistic fluid and the familiar Jeans analysis noting the pressure term in the Euler equation follows [10].
4We assume the sudden transition in the ULP equation of state at m = H(t) which suffices for our purpose
of illustrating the cosmological power of constraining the ULP properties. The detailed treatment of this
transition keeping track of the slowly rolling regime and rapidly oscillating equation of state before the system
settles down is beyond the scope of this paper because of too wide a time scale between the cosmic expansion
and scalar field dynamics. We refer the reader to, for instance, ref. [22] for studies of this transition period.
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Figure 1. The perturbation evolutions for ULPs (mu = 10
5H0, fu = 0.05) and CDM.
enough value of a. We also plotted the CDM perturbation evolution which illustrates that the
ULP perturbations can catch up with the CDM perturbations for small k but not for large
k, analogously to the familiar behavior of the baryon perturbation evolution. The nonlinear-
ity becomes important when k3P (k)/(2pi2) becomes of order unity. We calculate the power
spectrum from CAMB, as shown in the left-hand side of figure 2, and use Halofit [32, 33]
to map the linear power spectrum including the ULPs and neutrinos to the nonlinear one.5
The nonlinearity becomes important for k & 0.1[h/Mpc], where the deviation between the
linear and nonlinear treatments becomes large. In our parameterization, increasing fu, while
keeping Ωmh
2 and Ωbh
2, enhances the baryon to cold dark matter ratio and the nonlinear
power spectrum captures these enhanced baryon oscillation effects.
We can analytically estimate that, if the oscillations start during the matter domination
epoch, the moment of oscillation is around
zosc ∼
(
m2u
H20Ωm
)1/3
∼ 1.5
(
mu
H0
)2/3( 0.14
Ωmh2
)1/3
(2.2)
If the oscillations start during the radiation-dominated epoch,
zosc ∼ m
1/2
u z
1/4
eq
H
1/2
0 Ω
1/4
m
∼ 10
(
mu
H0
)1/2 ( zeq
3200
)1/4( 0.14
Ωmh2
)1/4
(2.3)
We can hence estimate that mu ∼ 105H0 leads to the oscillation starting around the matter-
radiation equality epoch zosc ∼ 3200(∼ zeq).6 For the modes which enter the horizon during
matter domination, we can analytically estimate that the suppression in the matter power
spectrum starts around the scale corresponding to the Jeans scale when the ULP starts
oscillating k ∼ (H20Ωm)1/3m1/3u . Similarly, when the oscillations start during radiation
domination, the suppression is expected to occur for scales smaller than the Jeans scale
5This mapping by Halofit from the linear to the nonlinear matter power spectrum can be affected by ULPs
and neutrinos. The modification of the Halofit fitting formula by taking account of these light species is
however beyond the scope of our paper and we refer the reader to, for instance, refs. [18, 19] for more details
on the impact of those light species on the nonlinear matter power spectrum.
6This turns out to give the right order of magnitude for our numerical evaluation of mu ∼ 1.4× 10
5H0 for
zosc ∼ zeq when fu = 0.05. Another characteristic scale zosc ∼ 1100(∼ zCMB) corresponds tomu ∼ 2.3×10
4H0.
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Figure 2. Left: the (linear and nonlinear) power spectrum P (k) with and without the ULPs for
mu = 10
5H0, fu = 0.05. Right: the transfer function T
2(k) = P (k)ULPs/P (k)no ULPs representing
the ratio of the power spectrum including the ULPs (fu = 0.05) to that without the ULPs (the values
of mu in the figure are in terms of H0 ≈ 2× 10−33eV ).
at matter-radiation equality k ∼ (m2uH20Ωmaeq)1/4. The suppression scales for different
masses are illustrated in the right-hand side of figure 2 which shows the transfer function
T 2(k) = P (k)ULPs/P (k)no ULPs representing the ratio of the power spectrum including the
ULPs to that without ULPs. We are particularly interested in the ULP masses which affect
the matter power at the 21 cm-observable scales of 0.055 . k . 0.15[Mpc−1]. We can see
that the baryon acoustic oscillation effects are more prominent in the nonlinear matter power
spectrum than in the linear one [34–38] and mu ∼ 107H0 lets the suppression start right in
the 21 cm observable range.7
3 Forecasts
3.1 Formalism
To forecast the constraints on the cosmological parameters including those relevant to the
ULPs, we perform the Fisher likelihood analysis for future 21 cm experiments. We also use
the CMB observables including CMB lensing which help remove the parameter degeneracies
that the 21 cm signals would otherwise suffer from. We briefly outline the formalism of the
likelihood analysis here, and present the results in the next subsection.
We first review the 21 cm Fisher analysis.8 The 21 cm radiation comes from the atomic
transition between the two hyperfine levels of the hydrogen 1s ground state. In the linear
regime, the power spectrum of 21 cm brightness temperature fluctuations can be written as
P∆T (k, z) = δ˜Tb
2
x2HI
[
bHI (z) + µ
2
k
]2
Pδδ(k, z) (3.1)
where µk is the cosine of the angle between the line of sight n and the comoving wave
vector k. Pδδ is the total matter fluctuation and we assume the baryon density distribution
follows that of the total matter δρ = δρH . δ˜Tb(z) = (23.88mK)
(
Ωbh
2
0.02
)√
0.15
Ωmh2
1+z
10
. Here we
7We also note that the asymptotic value of transfer function differs for a different mass even with the same
fU , because the period of the perturbation growth during which the free streaming suppression is relevant is
different for a different mass [14, 25, 39]
8We refer the readers to ref. [29] and references therein for more details on the 21 cm physics
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consider z . 10 when the spin temperature TS ≫ TCMB, so that the dependence of 21 cm
brightness temperature on TS drops out.
9 We define the neutral and ionized density bias,
bHI (z) and bHII (z), as the ratio of the density fluctuation in the neutral hydrogen HI and
ionized hydrogen HII , respectively, to that of total matter density in Fourier space, i.e. bHI ≡
δρHI (k)/δρ(k), bHII ≡ δρHII (k)/δρ(k). They are related by bHI = (1− xHII bHII )/xHI , where
the global neutral and ionized fractions are related as xHI + xHII = 1. We use the excursion
set model of reionization [40] to obtain the fiducial values of ionized density bias bHII (z)
and the mean ionized fraction xHII (z). The actual radio interferometric arrays measure
the 21 cm signals from coordinate Θ ≡ θxeˆx + θy eˆy + ∆fn, where (θx, θy) represent the
angular location on the sky plane and ∆f is the frequency difference from the central redshift
z∗ of a redshift bin. The Fourier dual of Θ is u ≡ uxeˆx + uy eˆy + u‖n. Here “⊥” and
“‖” represent the perpendicular and parallel projections to the line of sight, respectively,
and u‖ has units of time. Θ and u are related to r and k by Θ⊥ = r⊥/dA(z∗),∆ν =
r‖/y(z∗), and u⊥ = dA(z∗)k⊥, u‖ = yk‖ (dA is the comoving angular diameter distance,
y(z) ≡ λ21(1 + z)2/H(z), λ21 = λ(z)/(1 + z) = 21cm). We use the actual 21 cm observable
P∆T (u) = P∆T (k)/d
2
Ay, rather than P∆T (k), in our Fisher matrix for 21 cm power spectrum
measurements [41, 42]
F 21cmαβ =
∑
u
1
[δP∆T (u)]2
(
∂P∆T (u)
∂pα
)(
∂P∆T (u)
∂pβ
)
(3.2)
where {pα} represent the free parameters in our model. We assume a logarithmic pixelization
du⊥/u⊥ = du‖/u‖ = 0.1. The error in power spectrum measurement is δP∆T (u) = [P∆T (u)+
PN (u⊥)]/
√
Nc, where Nc = u⊥du⊥du‖ΩB/(2pi
2) is the number of independent modes in each
pixel (Ω is a field of view solid angle and B is the bandwidth of a redshift bin). PN is
the noise power spectrum PN (u⊥, z) = (λTsys/Ae)
2/(t0n(u⊥)), where Tsys ≈ (280K)[(1 +
z)/7.4]2.3 is the system temperature [43], Ae is the effective collecting area of each antenna
tile, and t0 is the total observation time. We assume the interferometric arrays have antennae
concentrated inside a nucleus of radius R0 with almost 100% coverage fraction, and the
coverage density drops as r−2 inside the core from R0 to Rin. The number of antennae
within Rin, Nin, and the fraction of the antennae within R0, η, are related according to
R0 =
√
ηNin/ρ0pi,Rin = R0 exp[(1 − η)/(2η)] where ρ0 is the central array density [42].
For concreteness, we assume an Omniscope-like instrument [44, 45] consisting of a million
1m × 1m dipole antennae with a field of view of 2pi steradians whose specifications are
(Nin, Lmin, η, Ae(z = 6/8/12)[m
2],Ω[sr]) = (106, 1, 1, 1/1/1, 2pi) and we assume t0 = 4000
hours for each redshift bin of bandwidth B = 6MHz. We also assume the residual foregrounds
can be neglected for k‖ ≥ k‖,min = 2pi/(yB) [41], and the minimum baseline Lmin sets k⊥,min =
2piLmin/(λdA) (for example, for an Omniscope-like array, kmin ≈ k‖,min = 0.055/Mpc at
z = 10.1). We conservatively restrict our studies to large scale k ≤ 0.15/Mpc for the sake of
the linear treatment of 21 cm observables, to avoid any scale-dependent bias at the nonlinear
regime and the nonlinear effects due to reionization patchiness at the scale of the typical size
of ionized regions [46].
9Ts ≫ TCMB can be justified soon after the reionization begins because the gas temperature can be
much higher than the CMB temperature due to the heating of the IGM to hundreds of Kelvin by the X-ray
background from the first stars, and a large number of Lyα photons from star formations can couple the
spin temperature to the gas temperature. This helps to reduce the potentially large uncertainties in the
determination of the spin temperature.
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The CMB can also be affected by light dark matter through the change in matter-
radiation equality and also via the Sachs-Wolfe effect. The CMB is also helpful in removing
the degeneracies among the cosmological parameters. The CMB lensing is in particular help-
ful in removing the so-called geometric degeneracy which the primary CMB observables would
otherwise suffer from [47–50]. We consider the CMB observables T,E, d which represent the
CMB temperature, polarization and CMB deflection angle respectively.10 We assume the
Planck-like specifications [51] including the CMB lensing measurements covering up to the
multipole lmax = 2500, three channels 100, 143, 217 GHz and the sky coverage fsky = 0.65.
The corresponding covariance matrix C includes both signal and noise given by
C =

CTTl +NTTl CTEl CTdlCTEl CEEl +NEEl 0
CTdl 0 C
dd
l +N
dd
l

 (3.3)
Note the noise term Nl contributes only to the auto-correlation spectra. For N
TT
l and N
EE
l ,
we simply consider the dominant detector noise represented by the photon shot noise [47, 52],
and the CMB lensing statistical noise is estimated using the optimal quadratic estimator
method of Hu & Okamoto [53, 54]. The corresponding Fisher matrix is [55]
FCMBαβ =
lmax∑
l=2
fsky(2l + 1)
2
Tr
[
C,αC
−1C,β C
−1
]
(3.4)
where C,α refers to the partial derivative with respect to a cosmological parameter pα. The
total Fisher matrix was obtained by adding the 21 cm and CMB Fisher matrix F ≈ F 21cm+
FCMB.11 The modified version of the CAMB [31] was used to obtain the CMB and matter
power spectra where the ultra-light fluid component was implemented in the Boltzmann
equations.
3.2 Results
Let us first clarify our conventions. We vary 12 parameters in our Fisher analysis (the
numerical values in the parentheses are the fiducial values [57]) ΩΛ (0.69), Ωmh
2 (0.14), Ωbh
2
(0.022), ns (0.96), As (scalar amplitude) (2.2× 10−9), τ (reionization optical depth) (0.095),
Neff (the effective number of relativistic neutrino species), ma, fa, fν , xHI (z), bHII (z). The
total matter density consists of Ωm = Ωb+Ωd = Ωb+Ωcdm+Ωu+Ων and Ωm = 1−ΩΛ−Ωk
with fi =
Ωi
Ωm
. We use the reduced Hubble parameter h =
√
Ωmh2/(1− ΩΛ) to keep the
flatness of the Universe Ωk = 0. For the fiducial models, unless stated otherwise, we use
xHI = 0.5 at the redshift bin of z = 10.10 and bHII = 5.43 obtained by the excursion set
model of reionization [40], and the power spectrum up to the scale kmax = 0.15/Mpc was
used. The matter power suppression features are common to the light species and the familiar
example is that of the neutrino species which can worsen the ULP parameter estimations
due to the parameter degeneracies. We choose the conventional normal mass hierarchy
scenario for our fiducial neutrino mass pattern consisting of three neutrinos (mν1 ,mν2 ,mν3) =
(0, 0.009, 0.05)[eV] based on the global analysis of neutrino oscillation data giving ∆m231 =
10See, for instance, ref. [28] for a review on CMB lensing.
11We did not take account of the potential cross correlation between F 21cm and FCMB which is beyond the
scope of this paper and we refer the readers to, for instance, ref. [56] for the possible correlations between
F 21cm and FCMB.
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Figure 3. 1σ error contour for the ULP and neutrino fractions with respect to the total matter
fu, fν . The solid curves are the contours from both 21 cm and CMB observables while the dashed
curves are for the CMB alone. The fiducial values (fu, fν) = (0.05, 0.0044) for the normal neutrino
mass hierarchy is indicated by +.
2.47 × 10−3eV2,∆m221 = 7.54 × 10−5 eV2 where ∆mij ≡ m2i −m2j [58, 59] (accordingly we
chooseNeff = 1.046, fν = 0.0044). Because of the similar effects to suppress the matter power,
we can expect the negative correlation between fu and fν . This is confirmed in figure 3 which
shows the 1σ error contours with all the other parameters marginalized over, even though
there do exist the distinctive features between the ULPs and neutrinos such as the ULPs’
scale dependent effective sound speed and transition from the dark energy to dark matter
like behavior which the neutrinos do not possess. Consequently, the precise measurements of
the power spectrum around the suppression starting scale for each species should be able to
distinguish these species from one another.
The main goal of this paper is to clarify the power of the 21 cm observables to constrain
the ULP parameters, and our results are summarized in figure 4 which shows the 1σ uncer-
tainties in the ULP parameters for several representative ULP masses for fu = 0.05. The 1σ
errors on the ULP parameters fu,mu can be of order a few percent for the mass range to
which the 21 cm signals are most sensitive. The sensitivity of the cosmological observables
to the ULP parameters, however, depends on the fiducial values, and the errors for a smaller
ULP fraction fu = 0.01 are shown in figure 5. A bigger ULP fraction can imprint a bigger
effect on the matter power, and hence a smaller error is forecasted as expected. Despite such
quantitative changes in the error estimations, different ULP fraction cases share the common
features: the 21 cm observables are most sensitive to the ULP parameters when the ULP mass
is around mu ∼ 107H0 which lets the ULPs start oscillations in the 21 cm observable range
as inferred from the figure 2 showing the significant change in the matter power at the 21 cm
observable scales 0.055 . k . 0.15 [Mpc−1] (equivalently 0.08h/Mpc. k . 0.22h/Mpc).
The sensitivity of the CMB observables to the ULPs increases on the other hand up to the
ULP mass of about 105H0 which corresponds to the oscillation starting around the CMB
last scattering epoch. For instance, we found numerically 2× 104H0 ∼ H(z = 1100) and we
can indeed see that σ(mu) does not improve so much by adding the 21 cm observables for
the mass around mu ∼ 104∼5H0, which implies that the CMB constraint on mu is dominant
over that from the 21 cm observables for this mass range. The CMB however starts losing its
sensitivity to the ULPs significantly for the larger ULP masses mu & 10
6H0 which initiate
the oscillations well before the last scattering epoch.
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Figure 4. 1σ errors in fu and mu (the fiducial value fu = 0.05) for several fiducial values of mu in
terms of H0(≈ 2× 10−33 eV).
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Figure 5. 1σ errors in fu and mu (the fiducial value fu = 0.01) for several fiducial values of mu in
terms of H0(≈ 2× 10−33 eV).
4 Discussion/conclusion
We explored future prospects for setting constraints on ultra-light scalar fields from 21 cm
observables. We found that the CMB including CMB lensing is most sensitive to the ULP
mass range of 104H0 ∼ 106H0 and the 21 cm is most sensitive to mu ∼ 107H0. We forecast
that the future 21 cm can constrain the ULP parameters (the density fraction and the mass)
with the order 10 % accuracy (and even better with a few percent accuracy when the mass is
around mu ∼ 107H0). Because of the complications due to nonlinearity, however, the ULPs
with mu ≫ 107H0 would be hard to probe by the large-scale structure of the Universe, even
though these mass ranges can be well probed by other probes such as black holes and dwarf
galaxies [8, 12, 23, 60]. Further studies on the complimentarity between different observables
are left for our future work.
Before closing our discussions, let us briefly comment on the specification dependence
for constraining the ULP parameters. Changing to a different redshift bin or changing the
neutrino normal mass hierarchy to the inverted mass hierarchy pattern do not lead to an
appreciable change in the ULP parameter bounds. A notable change however can result from
changing kmax to a bigger value which can be expected due to a larger number of available
modes for a higher k. Figure 6 shows the constraints on fu,mu for kmax = 0.15/Mpc and
– 8 –
J
C
A
P06(2014)011
 1
 10
 100
 1  10  100  1000  10000  1e+05  1e+06  1e+07  1e+08  1e+09
Un
ce
rta
in
ty
 in
 f u
 
[pe
rce
nt]
Fiducial ULP mass mu
Omniscope (kmax=0.15/Mpc) + CMB
Omniscope (kmax=0.25/Mpc) + CMB
SKA (kmax=0.25/Mpc) + CMB
 1
 10
 100
 1  10  100  1000  10000  1e+05  1e+06  1e+07  1e+08  1e+09
Un
ce
rta
in
ty
 in
 m
u
 
[pe
rce
nt]
Fiducial ULP mass mu
Omniscope (kmax=0.15/Mpc) + CMB
Omniscope (kmax=0.25/Mpc) + CMB
SKA (kmax=0.25/Mpc) + CMB
Figure 6. 1σ error in fu and mu for different experiment specifications. The fiducial values of mu
are in terms of H0(≈ 2× 10−33 eV).
0.25/Mpc. Changing kmax from our default value of 0.15/Mpc to 0.25/Mpc can easily improve
the ULP constrains by 10% or more depending on the mass range. Higher values of k also help
to extend the 21 cm-sensitive scale to a smaller scale. We also demonstrated in figure 6, how
the error estimation can be affected by the experimental specifications, the constrains from
the SKA-like experiment [61] being specified by (Nin, Lmin, η, Ae(z = 6/8/12)[m
2],Ω[sr]) =
(1400, 10, 0.8, 30/50/104, λ2/Ae) (λ = 21(1 + z), and we assumed the same observation time
and band width as those for the Omniscope telescope which has been assumed for the main
body of the paper). The k range well beyond the scales considered here will significantly be
affected by nonlinearity, and the ULP constraints including those of small-scale physics not
considered here such as inhomogeneous reionization and nonlinear bias would deserve further
studies. Even for the SKA-like experiment, the 21 cm observables are still powerful enough
to constrain fu with order 10% precision and also mu even though not as stringently as the
constraints on fu. The slight worsening of the bounds on mu around mu ∼ 106H0 is partly
due to the CMB losing the sensitivity on mu even though it is overwhelmed by the sensitivity
enhancement of the 21 cm signal for mu ∼ 107H0. We also note, for mu ∼ 104H0, the ULP
oscillations start around the last scattering epoch, and the CMB observables overwhelm the
21 cm observables in constraining mu.
The experimental specifications to observe the 21 cm emission signals used in our anal-
ysis are sensitive to quasi-linear scales, and we have used the matter power spectrum using
Halofit to take account of the nonlinearity. We first obtained the linear power spectra in-
cluding the ULPs and neutrinos, and applied the Halofit formula to convert this linear power
spectrum to the nonlinear power spectrum. In this mapping from the linear to the nonlinear
power spectrum, the effects of the light species such as the ULPs and neutrinos are con-
ventionally not included and this would be worth further exploration. Our studies can be
extended to scenarios including multiple ULPs with different masses, which is also left for
future work.
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